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This paper establishes a direct, robust and intimate connection between non classicality tests,
from quantum game to discord to entanglement, and anomalous outcomes of weak measurements.
This is accomplished by employing the recently introduced concept of pseudo projection, and the
associated pseudo probability. We expect that this opens up new avenues for testing nonclassicality
via weak measurements, and also gives deeper insight into negative pseudo probabilities which
become measurable.
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I. INTRODUCTION
Since its very inception, quantum mechanics has been
looked upon in many ways, as may be seen from its dif-
ferent formulations [1–6]. Its unique features have also
been explored and expanded in several seminal works
[7–10]. Presently, investigations of fundamental fea-
tures of quantum mechanics have acquired an impor-
tance like never before, for two reasons. Conceptually,
there is an improved understanding of the so called non-
classical features of quantum states and, equally impor-
tantly, there are new insights into the very concept of
the measurement– due to weak measurements in quan-
tum mechanics [11, 12]. In terms of practical impact, the
importance owes to non-locality, entanglement, quantum
discord [9, 13, 14] of states which act as non classical re-
sources for applications to computation [15, 16], and in-
formation [17–21], many of which are being implemented
experimentally.
This paper proposes to establish a robust connection
between non-classicality, as expressed through notions
such as non-locality, entanglement and quantum discord,
and the anomalous weak values, as espoused in the con-
cept of weak measurements. In doing so, the paper aims
to elucidate the key notions of quantum probability via
weak measurements through which the so called negative
probability becomes an observable quantity. Thereby, it
is hoped that this study illustrates how the traditionally
understood non-classical aspects of a quantum state and
weak quantum measurements are intimately intertwined
with each other.
We have two starting points. The first one is the con-
cept of pseudo projections which has been introduced re-
cently to explore non classical features of quantum states
directly in the language of quantum probability[22]. One
emergent feature is pseudo probability which flags non-
classicality of states whenever it lies outside the interval
[0, 1]. A special case, which is also the simplest example,
is the Margenau-Hill-Barut distribution [23, 24] which
serves our purpose in this paper. More generally, in
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principle – by their very construction – pseudo projec-
tions capture all possible criteria such as the ones laid
out in [14, 25–27].
The second starting point is the concept of weak mea-
surements [11, 28] which has expanded the scope of mea-
surements beyond the traditional projective measure-
ments. Weak measurements, which admit experimen-
tal implementation, display non-classicality by predict-
ing anomalous weak values which are otherwise forbid-
den for projective measurements. In particular, the out-
comes of weak measurements may lie beyond the values
allowed by the spectrum of the observable. The relation-
ship between anomalous weak values with contextuality,
and with counterfactual processes have been studied in
[29] and [30] respectively. Of even greater relevance to
us are the weak mesurements of noncommuting observ-
ables. Schemes for such measurements have been pro-
posed [31], and they have already been implemented ex-
perimentally [32–34]. Recently, the weak value of local
projection has been shown to appear as the modification
in weak couplings in interferometric alignment[35].
This paper undertakes the task of expressing non-
classicality tests, mainly based on the recent formulation
by employing pseudo projections [22], in terms of weak
measurements of appropriate projections, followed by a
post-selection. In particular, we focus on non-locality,
entanglement witnesses and condition for discord for two
qubit systems. This opens up new experimental avenues
to test quantum features of states. Equally pertinently,
we gain a better understanding of the negative pseudo
probability [22] (as also of negative probabilities which
were introduced much earlier, in a rather intuitive way,
by Dirac [36] and Feynman [37], which was further made
use of in [38]). Negative probabilities are no more con-
fined to the conceptual realm, but become measurable,
as negative anomalous weak values. The paper is or-
ganised as follows. The next section (II) summarises,
albeit briefly, (i) the concepts of pseudo projections and
pseudo probabilities, and (ii) basics of weak measure-
ments to the extent needed for the work and the in-
terrelation between pseudo-probabilities and weak val-
ues is established. The main results of the paper in-
volving non-classical correlations are contained in sec-
tion (III A), (III B) and (III C). In these sections, in the
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2same order, we identify (i) the anomalous weak values
that verify the Bell CHSH non-locality, (ii) families of
entanglement witnesses for two qubit systems and (iii)
perhaps, for the first time, condition for discord (again
in two qubit systems). In section (IV A), as an addi-
tional application, anomalous weak value sufficient for a
single qubit to be coherent has been identified. In sec-
tion (IV B), we turn our attention to features of quan-
tum logic that violate classical Boolean logic directly
and show weak measurements can be used to directly
test those violations. Finally, but equally importantly,
in section (IV C), a quantum game based on violation of
classical probability rules to be played employing weak
measurements has been given. The last section (V) sum-
marises the results , and discusses scope for further work.
II. PRELIMINARIES
In this section, we first recapitulate how Margenau-
Hill distribution emerges from very specific class of her-
mitian representatives of indicator functions for joint
events. For a detailed discussion, please refer to [22].
A. Joint probabilities, conjunctions and
pseudo-projections
Consider the event that an observable A takes a value
a. For a classical system, the probability for the event
can be determined by (i) identifying the support for the
event in the phase space (and more generally, in the
event space) and (ii) finding the overlap of the indicator
function for the support with the given state (proba-
bility density). Recall that an indicator function is a
dichotomic Boolean observable, taking value 1 in the
support and 0 elsewhere. In quantum mechanics, the
observable A would be represented by a hermitian oper-
ator A in a Hilbert space. A admits the eigen-resolution
A =
∑
i aipiai , with the probability for the outcome ai,
for a system in a state ρ, being given by the overlap,
Tr(ρpiai). The projections piai are thus the quantum rep-
resentatives of the parent indicator functions.
Classically, the indicator function for joint outcomes of
any two observables is simply the product of the respec-
tive indicator functions, which is non-vanishing only over
the intersection of the two supports. However, in quan-
tum mechanics, observables do not necessarily commute,
and there is no projection operator that would represent
the indicator function for classical joint outcomes; the
indicator function for the intersection does not always
map to a projection. Non classicality can be understood
by constructing their quantum representatives.
Thus, consider two observables A,B. Let piai , pibj
be the projection operators representing the respective
indicator functions for the outcomes A = ai and B =
bj . The operator representing the indicator function for
the classical joint outcome, which we term as pseudo-
projection (PP), is given by the symmetrised product:
Πaibj =
1
2
{
piai , pibj
}
, (1)
in accordance with the Weyl prescription [39]. The PP
is not idempotent, unless [piai , pibj ] = 0.
This correspondence suggests that the PP represent-
ing joint outcomes of more than two observables can also
be constructed similarly. It may be done so, but not in a
unique way. For, the order in which the noncommuting
projections are multiplied matters. Consider the joint
outcome, A1 = a1, A2 = a2, · · · , AN = aN , of N observ-
ables. If piai be the respective projections, their product
can be permuted, in general, in N ! ways. If all the pro-
jections happen to be distinct, it will give rise to N !/2
distinct quantum representatives of the form
Πa1···aN =
1
2
pia1pia2 · · ·piaN + h.c., (2)
where h.c. represents the hermitian conjugate. A PP
obtained from a given order of N distinct projections
has been termed as a unit pseudoprojection [22] (That
a unit PP has atleast one negative eigenvalue is shown
in Appendix A). Each unit PP is, generally, inequiva-
lent to the others. It is necessary to require that PPs
share as many properties as possible with their classical
counterparts. Unit PP fails one important test: sym-
metry in all the observables. This can be restored by
summing all distinct unit PP with equal weights. But,
not surprisingly, the resultant PP would be more diffi-
cult to analyse for non classicality. The most general PP
is highly non-unique, and may be taken to be any point
on the manifold of convex sums of all unit PPs. Fortu-
nately, for most of our purposes, the unit PP suffices.
We name the expectation of PP as pseudo-
probability. When we employ a unit PP, the resul-
tant pseudo probability agrees with the Margenau-Hill-
Barut distribution[23, 24], the objects of our study here.
Since only the hermiticity of PP is guaranteed, pseudo-
probabilities can take negative values. The PP for a
multi-party system is the direct product of PP for indi-
vidual systems.
The set of pseudo probabilities generated for all pos-
sible joint outcomes of N obervables is called a scheme
[22]. Schemes possess an important property: the
marginal obtained by summing over the outcomes of any
one of them yields the scheme for the remaining N − 1
observables. Importantly, the ultimate marginal, for a
single observable, is just the set of quantum probabili-
ties, pk = Tr(ρpik).
If all the pseudo probabilities were to be non negative,
quantum mechanics would be admitting an underlying
classical description. This leads to the attractive thesis
is that pseudoprobabilities capture all the non classical
features of quantum mechanics. If it be so, one should
be able to recover, in the first instance, features of non-
classical logic and, of course, important results such as
nonlocality and entanglement. That it is indeed so, has
3been shown recently [22]. It has also been shown that el-
ements of non classical nature of quantum logic are also
captured by PP.
The idea of negative probabilities has been around
quite a while [36–38]. But what exactly is the physical
significance of pseudo probabilities, so obtained by us,
especially when they are negative? Apart from being
useful theoretical constructs, they have an operational
value, being outcomes of weak measurements. Con-
versely, the anomalous outcomes of weak measurements
can be given an operator description in the language
of PPs. With this, it becomes possible to devise tests,
which are distinct from standard correlation measure-
ments, for different manifests of non classicality using
weak measurements.This is the main content of the pa-
per. With weak measurements, the experimental scope
for testing quantum mechanics gets widened.
B. Pseudo-probabilities and weak values
The identification of weak measurements that are ap-
propriate to study pseudo probability is quite straight
forward. First, recall that the weak value of an observ-
able A on a pre-selected state |ψ〉 and a post-selected
state |φ〉 is given by [11],
〈Aw〉|φ〉|ψ〉 :=
〈φ|A|ψ〉
〈φ|ψ〉 . (3)
If 〈Aw〉|φ〉|ψ〉 lies outside the range of eigenvalues of the ob-
servable A, the weak value is termed anomalous. Thus,
all imaginary values are automatically anomalous. Gen-
eralisation to mixed pre-selected state has been done in
[40]. An alternative interpretation of weak value of an
observable as a robust property of single pre- and post-
selected quantum system is discussed in [41].
It is pertinent to this work that many schemes
have been proposed [31] for joint measurement of non-
commuting observables. These techniques facilitate ex-
perimental determination of joint probability schemes
(for non-commuting observables) [32–34].
Now, we relate pseudo-probabilities to weak values.
Let Πa1···an be a unit PP for a set of n ordered observ-
ables. Its associated pseudo probability may be written,
in terms of weak values, as
〈Πa1···an〉ρ = Tr(ρpia1)⟪pia2 · · ·pian⟫ρa1ρ (4)
where, the notation ⟪ ⟫ – which shall be used every-
where – emphasises that ⟪pia2 · · ·pian⟫ρa1ρ represents the
real part of the weak value of the product of the remain-
ing (n − 1) projections. The pre-selected state is ρ and
the post-selected state, ρa1 . A further generalization to
convex sums (including the symmetrised sum) is straight
forward.
The weak value in the RHS of equation (4) is that of a
nonhermitian operator and merits more description. We
employ the resolution pia2 · · ·pian ≡ H−iJ in terms of its
hermitian and anti hermitian parts, and state the con-
dition for non classicality through the chain of mutual
implications
〈Πa1···an〉ρ < 0 ⇐⇒ ⟪pia2 · · ·pian⟫ρa1ρ < 0
⇐⇒ ⟪H⟫ρa1ρ + Im{〈J〉ρa1ρ } < 0 (5)
which displays the relationship between negative pseudo
probabilities and a combination of the weak values of
the two hermitian observables (ρa1 represents the state
obtained from pia1 after suitable normalisation).
For our purposes, it is sufficient to consider only two
observables, in which case
〈Πa1a2〉 < 0 ⇐⇒ ⟪pia2⟫ρa1ρ < 0. (6)
which is expressed entirely in terms of the anomalous
weak values of a single hermitian operator. Indeed, equa-
tion (6), establishes a strong equivalence between neg-
ative pseudo probabilities and anomalous weak values.
This equivalence forms the basis for the applications dis-
cussed here. But first, we introduce some notations to
make the subsequent expressions less cluttered:
1. We consider only dichotomic observables, with
eigenvalues ±1. For simplicity, if A be such an
observable, the respective eigenprojections will be
denoted by piA and piA¯. We also denote the asso-
ciated states, obtained by suitable normalisation,
by ρA and ρA¯.
2. For a qubit, Ai ≡ ~σ1 · aˆi. Observables in sub-
systems for a multipartite state are denoted by
Ai, Bi, · · · .
3. P (A)(P (A¯)) represents the quantum probability
for outcome +1 (−1) of the observable A.
4. P(A1A2 · · ·ApA¯p+1A¯p+2 · · · A¯p+q) represents the
pseudoprobability for the outcomes of the first p
observables to be +1, and of the next q observ-
ables to be −1.
5. P(A1 = A2 = B1 = B2) ≡ P(A1A2;B1B2) +
P(A¯1A¯2; B¯1B¯2).
III. APPLICATIONS - I
We first consider bipartite systems since their nonclas-
sical properties have received the greatest attention.
A. Bell-CHSH non locality and weak values
In this section, we show how the derivation of Bell
CHSH inequality, in terms of pseudo probability given in
[22], facilitates identification of anomalous weak values
sufficient for a state to be non-local.
4Consider any d1 × d2 dimensional bipartite system.
Let {A1, A2}, {B1, B2} be two pairs of dichotomic ob-
servables (with eigenvalues, ±1), for the respective sub-
systems. The relevant pseudo probability (see [22] for a
rigorous rationale for this choice) is the sum
PNL = P(A1 = B1 = B2) + P(A2 = B1 = B2). (7)
Their parent PPs are easily identified. For example,
P(A1;B1B2) = 〈piA1 ⊗ΠB1B2〉. Classically, it is always
true that PNL ≥ 0. Therefore, we demand that PNL < 0,
and obtain the Bell inequality〈
A1(B1 +B2) +A2(B1 −B2)
〉
> −2. (8)
The last step uses the relation piA±1 =
1
2
(
1±A).
What would be the corresponding weak measure-
ments? We rewrite RHS of the equation (7) as
PNL = 〈piA1piB1〉⟪piB2⟫ρA1B1ρ + 〈piA¯1piB¯1〉⟪piB¯2⟫ρA¯1B¯1ρ
+ 〈piA2piB1〉⟪piB¯2⟫ρA2B1ρ + 〈piA¯2piB¯1〉⟪piB2⟫ρA¯2B¯1ρ
Note that if PNL < 0, at least some of the weak
values are negative. In fact, for two qubit nonlocal
Werner states, it is necessary that all the four weak
values be negative. With hindsight, we realise that for
pure 2⊗ 2 systems, the pseudo-probabilities underlying
Bell inequality have already been experimentally demon-
strated in [33].
Our analysis also resolves the apparent paradox posed
in problem 17.6 of [42]. The resolution is that though a
joint probability distribution does exist for the four ob-
servables {Ai, Bj}, a violation of Bell inequality requires
that the weak values be anomalous.
B. Entanglement inequality for two qubits and
weak values
Entanglement is much more complicated for higher
dimensional systems and is not completely understood.
Hence, we take up two qubit systems for our study. We
first derive a set of two entanglement inequalities by em-
ploying the method used for non-locality, which get ex-
pressed as linear combinations of pseudo probabilities.
Geometry of observables
The observables employed for constructing entangle-
ment inequalities obey a common geometry, which is as
follows: (i) For each qubit , we have three sets of dou-
blets, {A(i)1 , A(i)2 } and {B(i)1 , B(i)2 }, i = 1, 2, 3. Recall
that generically, A ≡ ~σ · aˆ, B ≡ ~σ · bˆ. (ii) The angles
between the two observables in each of the six sets have
the same value, which is represented by α, the only free
parameter. (iii) For each qubit, the normalised sums of
vectors from within each set forms an orthonormal ba-
sis, and are denoted by {aˆi} and {bˆi} respectively. Thus,
|aˆ1 · (aˆ2 × aˆ3)| = |bˆ1 · (bˆ2 × bˆ3)| = 1. The geometry is
completely depicted in figure (1).
Figure 1: aˆi, bˆi: Directions for first and second qubit
respectively that appear in the final entanglement
inequality (shown in blue).
{aˆ(1)i , aˆ(2)i , aˆ(3)i }, {bˆ(1)i , bˆ(2)i , bˆ(3)i }, i ∈ {1, 2} : Directions
for second qubit involved in the construction of
pseudo-projections (shown in black).
1. Linear entanglement inequalities
The set of entanglement inequalities which we set
forth are, essentially, refinements over the construction
given in [22]. We then recast it in the language of weak
measurements.
Inequality I
Of interest to us is the following sum of pseudo-
probabilities
PE1 =
2∑
i=1
P(Ai = B(i)1 = B(i)2 ) (9)
Classical probability mandates the sum to be non-
negative. Hence, for non-classicality, PE1 < 0 which
yields the criterion
2 cos
α
2
+
2∑
i=1
〈
~σ1 · aˆi~σ2 · bˆi
〉
< 0 (10)
The necessary condition that PE1 > 0 for all separable
states is obeyed provided that 0 < α ≤ 2pi3 .
In terms of weak values, Eq. (9) has the form
PE1 =
2∑
i=1
{
〈piaipib(i)2 〉⟪pib(i)1 ⟫ρaiρb(i)2ρ + 〈piaipib(i)2 〉⟪pib(i)1 ⟫ρaiρb(i)2ρ }
(11)
from which we see that four weak measurements are re-
quired. Also, the inequality (10) can not get satisfied if
none of the four weak values in (11) is anomalous. We
have checked that a Werner state is entangled only if all
the four weak values are anomalous.
5Inequality II
The relevant pseudo probability is the sum [22]
PE2 =
3∑
i=1
P(Ai = B(i)1 = B(i)2 ). (12)
which, again, is non-negative classically. Hence, the de-
mand that PE2 < 0, yields the inequality
3 cos
α
2
+
3∑
i=1
〈
~σ1 · aˆi~σ2 · bˆi
〉
< 0. (13)
The further requirement requirement that PE2 ≥ 0 for
all separable states imposes the additional constraint
0 < α ≤ arccos(−7/9) ' pi.
In terms of weak values, PE2 < 0 translates to the
condition
PE2 =
3∑
i=1
{
〈piaipib(i)2 〉⟪pib(i)1 ⟫ρaiρb(i)2ρ
+ 〈pia¯ipib¯(i)2 〉⟪pib(i)1 ⟫ρa¯iρb¯(i)2ρ } < 0 (14)
which again demonstrates that PE2 ≥ 0 if none of the
weak values is anomalous. In fact, for entangled Werner
states, all the six weak values are required to be anoma-
lous.
2. Nonlinear Entanglement Inequalities
We have, so far, considered violation of classical prob-
ability rules for sums of chosen pseudo-probabilities. In
this section, we explore the violation of classical proba-
bility rules for bilinears in pseudo-probabilities and show
how they can be harnessed to yield non-linear entangle-
ment inequalities.
Inequality I
For construction of first nonlinear entanglement in-
equality, the combination of pseudo probabilities is given
by
S1 =
2∑
i=1
P(Ai = B(i)1 = B(i)2 )P(Ai = B(i)1 = B(i)2 )
(15)
Imposing the non-classicality condition – S1 < 0, we
arrive at the inequality
2 cos2
α
2
−
2∑
i=1
〈~σ1 · aˆi~σ2 · bˆi〉2 < 0. (16)
The further necessary condition that S1 ≥ 0 for all sep-
arable states yields the range 0 < α ≤ pi
2
.
It remains to express Eq. (15) in terms of weak values,
which can be verified to be given by
2∑
i=1
{⟪pi
b
(i)
1
⟫ρaiρb(i)2ρ ⟪pib(i)1 ⟫ρaiρb(i)2ρ 〈piaipib(i)2 〉〈piaipib(i)2 〉+
⟪pi
b
(i)
1
⟫ρaiρb(i)2ρ ⟪pib(i)1 ⟫ρaiρb(i)2ρ 〈piaipib(i)2 〉〈piaipib(i)2 〉}
(17)
Eq. (15) cannot acquire a negative value if none of
the eight weak values in (17) is anomalous. We have
checked that if a set of four weak values (⟪pi
b
(i)
1
⟫ρaiρb(i)2ρ
and ⟪pi
b
(i)
1
⟫ρaiρb(i)2ρ ) or (⟪pib(i)1 ⟫ρaiρb(i)2ρ and ⟪pib(i)1 ⟫ρaiρb(i)2ρ )
of the weak values are anomalous, the ensuing inequality
(16) is bound to get satisfied.
Inequality II
The bilinear combination of pseudo probabilities is
chosen to be
S2 =
3∑
i=1
P(Ai = B(i)1 = B(i)2 )P(Ai = B(i)1 = B(i)2 )
(18)
which, following the same method, yields the inequality
for the non-classicality condition S2 < 0 to be
3 cos2
α
2
−
3∑
i=1
〈~σ1 · aˆi~σ2 · bˆi〉2 < 0. (19)
As usual, we demand that S2 ≥ 0 for all separable states
which imposes the constraint 0 < α ≤ arccos(−1/3).
Finally, the inequality Eq. (18), in terms of weak val-
ues, has the form
3∑
i=1
{⟪pi
b
(i)
1
⟫ρaiρb(i)2ρ ⟪pib(i)1 ⟫ρaiρb(i)2ρ 〈piaipib(i)2 〉〈piaipib(i)2 〉+
⟪pi
b
(i)
1
⟫ρaiρb(i)2ρ ⟪pib(i)1 ⟫ρaiρb(i)2ρ 〈piaipib(i)2 〉〈piaipib(i)2 〉}
(20)
which again shows the intimate connection between
weak values and entanglement.
Inequality III
The last inequality which we derive below differs from
the previous ones in that it has contributions from both
local observables and correlations.
6The combination (which involves terms bilinear in
pseudo probabilities) is chosen to be
S3 =
3∑
i=1
[
P(Ai = B(i)1 = B(i)2 ) +
1
2
{
P (Ai)P(A(i)1 , A
(i)
2 )
+ P (Ai)P(A(i)1 , A(i)2 ) + P (Bi)P(B
(i)
1 , B
(i)
2 )
+ P (Bi)P(B(i)1 , B(i)2 ) + P (Ai)P(B
(i)
1 , B
(i)
2 )
+ P (Ai)P(B(i)1 , B(i)2 ) + P(A
(i)
1 , A
(i)
2 )P (Bi)
+ P(A(i)1 , A(i)2 )P (Bi)
}]
(21)
The ensuing expression has the form (λ = 12 cos
α
2 )
S3 = λ
{
9 cos
α
2
+
3∑
i=1
(〈
~σ1 · aˆi~σ2 · bˆi
〉− 1
2
〈~σ1 · aˆi + ~σ2 · bˆi〉2
)}
(22)
Non classicality condition S3 < 0 is enforced on the
states with the proviso that S3 ≥ 0 for all separable
states. This determines the range of the free parameter
to be 0 < α ≤ arccos(−79/81). The inequality corre-
sponding to the upper limit, α = arccos
(
− 7981
)
has been
obtained by Gu¨hne by using covariance matrix criteria
for local observables [43].
Writing equation (21) in terms of weak values, the
following expression results
S3 =
3∑
i=1
[{
〈piaipib(i)2 〉⟪pib(i)1 ⟫piaipib(i)2ρ + 〈piaipib(i)2 〉⟪pib(i)1 ⟫piaipib(i)2ρ }
+
1
2
{
〈piai〉〈pia(i)1 〉⟪pia(i)2 ⟫ρa(i)1ρ + 〈piai〉〈pia(i)1 〉⟪pia(i)2 ⟫ρa(i)1ρ + 〈pibi〉〈pib(i)1 〉⟪pib(i)2 ⟫ρb(i)1ρ + 〈pibi〉〈pib(i)1 〉⟪pib(i)2 ⟫ρb(i)1ρ
+ 〈piai〉〈pib(i)1 〉⟪pib(i)2 ⟫ρb(i)1ρ + 〈piai〉〈pib(i)1 〉⟪pib(i)2 ⟫ρb(i)1ρ + 〈pibi〉〈pia(i)1 〉⟪pia(i)2 ⟫ρa(i)1ρ + 〈pibi〉〈pia(i)1 〉⟪pia(i)2 ⟫ρa(i)1ρ }] (23)
C. Two qubit quantum discord and weak values
A system displays non classicality even if any one
weak value turns out to be anomalous. This statement
is equivalent to recognising non classicality if even one
pseudo probability becomes negative. We may, there-
fore, relax the condition that PE ≥ 0 for separable
states, and ask if conditions for quantum discord [14]
can be derived. We show below, perhaps for the first
time, that the answer is in the affirmative. The proof is
by explicit construction.
By definition, a state whose discord, D1→2 vanishes
has the structure
ρ12 =
∑
k
pk|φ1k〉〈φ1k| ⊗ ρ2k, (24)
where,
∑
k pk|φ1k〉〈φ1k| is the resolution of ρ1 in its eigen-
basis.
Choice of the observables: We choose two orthog-
onal observables A1, A2 for the first subsystem 1 with
the stipulation that one of them say, A1 shares its eigen-
basis with ρ1. The eigen-basis of A2 is unbiased with
respect to that of A1. Thus, a partial tomography is
warranted. For this reason, the condition that we de-
rive does not qualify as a witness. For the subsystem
2, we choose two pairs of observables {B(1)1 , B(1)2 }, and
{B(2)1 , B(2)2 }. They obey the same conditions that were
imposed in entanglement inequality. The geometry is
shown in Fig.(2).
Figure 2: aˆi, bˆi: Directions for first and second qubit
respectively that appear in the condition for discord
(shown in blue).
bˆ
(1)
i , bˆ
(2)
i , i ∈ {1, 2} : Directions for second qubit
involved in the construction of pseudo-projections
(shown in black).
Unlike in the earlier cases, we construct two pseudo-
probabilities, PiD, i = 1, 2,
PiD = P(Ai = B(i)1 = B(i)2 ) + P (Ai)P(B
(i)
1 B
(i)
2 )
+ P (Ai)P(B(i)1 B(i)2 )
≡ λ
{
(16λ+ 2〈~σ1 · aˆi~σ2 · bˆi〉
− 2〈~σ1 · aˆi〉〈~σ2 · bˆi〉
}
(25)
7where the parameter λ =
1
4
cos
α
2
. We state without
proof that if a state is discordant, both the pseudo prob-
abilities – P1D and P2D, become negative for suitable
choices of α. The non discordant states can have a neg-
ative value for at most one pseudo-probability.
Weak measurements can indeed detect discord. Ab-
stracting the parent PP from the LHS of Eq (25), we
infer the expression, in terms of weak measurements, to
be
PiD = 〈piaipib(i)2 〉⟪pib(i)1 ⟫ρaiρb(i)2ρ + 〈piaipib(i)2 〉⟪pib(i)1 ⟫ρaiρb(i)2ρ
+ 〈piai〉〈pib(i)2 〉⟪pib(i)1 ⟫ρb(i)2ρ + 〈piai〉〈pib(i)2 〉⟪pib(i)1 ⟫ρb(i)2ρ .
(26)
It is clear that the existence of quantum discord is con-
comitant on the existence of negative weak values.
IV. APPLICATIONS - II
Non classicality is a characteristic of all quantum
states, including the simplest of them all – the single
qubit. This is amply reflected in the definitions of both
weak measurement and PPs. In fact, a single qubit is
quite a rich lab to test quantum mechanics. With this
in mind, we propose three applications: a witness for
coherence, a direct verification of non boolean nature of
quantum logic, and a quantum game based on violation
of classical logic. Weak measurements act as experimen-
tal probes in both the cases.
A. Coherence witness for a single qubit and weak
values
In a given basis, a state has coherence if it has non
vanishing off-diagonal elements [44]. Let the state ρ be
expressed in the eigenbasis of, say, ~σ · nˆ. The PP
ΠA1A2 =
1
4
(
1 + aˆ1 · aˆ2 + ~σ.(aˆ1 + aˆ2)
)
, (27)
always has a positive overlap with ρ whenever ρ is diag-
onal, so long as (aˆ1 + aˆ2) lies in the plane orthogonal to
nˆ. On the other hand, if ρ possesses coherence, one may
always judiciously choose of aˆ1 and aˆ2, out of the plane
such that it has a negative overlap with ΠA1A2 . Weak
measurements can act as detectors of coherence, since
P(A1A2) ≡
〈
ΠA1A2
〉
ρ
= Tr(pia1ρ)⟪pia2⟫ρa1ρ . (28)
The preselected and the postselected states are, respec-
tively, ρ and of ρa1 . Note that, an anomalous weak value
is necessary and sufficient for the expectation of the wit-
ness to be negative.
B. Non-Boolean quantum logic and weak
measurements
So far, we have identified sets of weak values that
turn anomalous depending on the different type of non-
classical correlations present in the state. Recently,
weak measurement techniques have been employed to
experimentally observe violation of classical rules such
as pigeon-hole paradox [45, 46]. In this section, we show
how such techniques facilitate experimental demonstra-
tion of violation of classical logic in quantum mechanics.
This requires a relaxation of the constraint that we had
imposed on the PPs earlier – that all the projections are
mutually noncommuting.
Absurd propositions have null support in event spaces.
Thus, their indicator functions are identically zero. We
construct a simple example which illustrates how the
quantum representative of one such absurd proposition
does not vanish, and gives rise to nonvanishing weak
values.
Consider E(ABA) which is the conjunction of three
events E(A = +1), E(B = +1) and E(A = −1). The
probability for this event is identically zero classically,
as it involves conjunction of an event E(A = +1) with
its negation E(A = −1). But, from the rules of quantum
mechanics, we find that there is exactly one associated
unit PP which is non vanishing:
Πaba =
1
2
{
piapibpia¯ + pia¯pibpia
}
. (29)
Its expectation for a given state, the associated pseudo
probability, is non zero, unless the state is completely
mixed! In this exceptional case, the negativity of the
pseudo probability is not a necessary condition for non
classicality.
Experimental verification with weak measurements
Note that the form of Eq (29) suggests weak measure-
ments of all the three projections appearing in it. This
can be done by employing three pointers, with ρ as the
pre selected, and the completely mixed state as the post
selected state. The Hamiltonian that couples the system
to the pointers may be chosen to be
Hint = g(pia ⊗ Px + pib ⊗ Py + pia ⊗ Pz), (30)
where, Px, Py, Pz represent the momenta of the three
pointers canonical to their positions x, y, z respectively,
and g is the common coupling constant. If the pointers
are initially in the state
exp(−x2/2σ2)⊗ exp(−y2/2σ2)⊗ exp(−z2/2σ2), (31)
then the correlation among the three pointer readings
〈xyz〉 ∝ 〈Πaba〉ρ.
8C. Quantum games via pseudo projections and
weak measurements
In this section, we propose a quantum game, based on
violation of rules of classical probability, which may be
implemented through weak measurements.
Consider a qubit in the state
ρ =
1
2
(
1 + ~σ · ~p), (32)
undergoing a unitary transformation induced by the
Hamiltonian, H = −1
2
~ωLσz.
The idea is to look at joint pseudo-probabilities for
simultaneous outcomes of two incompatible observables,
~σ · mˆ and ~σ · nˆ. We wish to exploit their “anomalous”
nature, i.e., they can be negative or some probabilities
may exceed one. We choose,
mˆ = cos θiˆ+ sin θjˆ; nˆ = − sin θiˆ+ cos θjˆ (33)
Employing the short hand notations,
P1 = P++; P2 = P−−; P3 = P+−; P4 = P−+ (34)
The expression for the transition matrix, T for the
pseudo-probabilities follows from their time dependence,
and is given by (ωL = 1)
 P1(t)P2(t)P3(t)
P4(t)
 = 1
4
 1 + 2 cos t 1− 2 cos t 1− 2 sin t 1 + 2 sin t1− 2 cos t 1 + 2 cos t 1 + 2 sin t 1− 2 sin t1 + 2 sin t 1− 2 sin t 1 + 2 cos t 1− 2 cos t
1− 2 sin t 1 + 2 sin t 1− 2 cos t 1 + 2 cos t

 P1(0)P2(0)P3(0)
P4(0)
 ≡ T (t)
 P1(0)P2(0)P3(0)
P4(0)

(35)
T (t) is an example of the quantum counterparts of the
doubly stochastic matrices in classical probability the-
ory. We note that T (t) satisfies all the properties of dou-
bly stochastic matrix except that its entries admit neg-
ative values. The continuous set {T (t)} forms a monoid
– a semi group with identity.
If an entry in P(t) were to become negative, the sum
of the other three entries would exceed one. This affords
advantages which are not provided classically, and will
be employed in the game. The rules of the game that
we design are as follows:
• There are two players. The referee asks them to
start and end the game at definite times ti and tf
respectively. They are given the same initial non-
negative scheme for joint outcomes of a set of two
dichotomic observables. The players are to com-
pete to create, by unitary evolution, the scheme
such that at some intermediate time T , the sum
S, of any of its three entries maximally exceeds
one. Weak measurements are to be employed.
• The players are free to choose the initial state and
the hamiltonian.
• In this game, a resource is classical, if for all times,
T (t)ij ≥ 0.
We provide an explicit illustration of existence of such
a pseudo-probability scheme that can be used as a strat-
egy by players. Suppose that mˆ = xˆ, nˆ = yˆ, and the
initial state (at t = 0) is pure with its polarisation along
the x axis. The associated initial pseudo probabilities
are
P1 = 0.5; P2 = 0; P3 = 0.5; P4 = 0.
At T =
pi
4
, The pseudo- probabilities satisfy the maxi-
mality requirement, and are given by
P(T )1 = 0.25; P(T )2 = 0.25;
P(T )3 = 0.25(1 +
√
2); P(T )4 = 0.25(1−
√
2). (36)
which leads to the maximal value S = 0.25(3 +
√
2).
If a player were to employ a different state or a different
hamiltonian, the game would be lost.
V. CONCLUSION
In conclusion, we have established the connection
between two seemingly different approaches to non-
classicality by making use of pseudo projections [22] –
in fact a special case of which leads to the non classi-
cal proerties described in [23, 24]. Pseudo probabilities
and anomalous weak values share an equivalence which
makes the former measurable quantities. We have shown
how different sets of anomalous weak values not only
serve to detect different nonclassicality manifests in sin-
gle and two- qubit states but also trace the violation of
underlying classical probability rules. Finally, it is also
shown that even violation of Boolean logic by quantum
mechanics can be directly probed by employing weak
measurements.
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Appendices
A. UNIT PSEUDO-PROJECTIONS HAVE AT
LEAST ONE NEGATIVE EIGENVALUE.
Consider a unit PP Π constructed as the symmetrised
product of N mutually non-commuting projections (of
any ranks), as given by
Π =
1
2
(pi1pi2 · · ·piN + h.c.) (37)
Let |a〉 (|b〉) be a vector in the null space of pi1 (piN )
but not in that of piN (pi1). Construct the orthogonal
basis: {|e1〉 = |a〉, |e2〉 = |b〉 − 〈a|b〉|a〉} in the two di-
mensional subspace spanned by the vectors. The deter-
minant of the minor of Π in this two dimensional basis
is evidently negative. Thus, Π possesses atleast one neg-
ative eigenvalue.
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